A note on separation of algebraic sets and the Łojasiewicz exponent for polynomial mappings  by Cygan, Ewa
Bull. Sci. math. 129 (2005) 139–147
www.elsevier.com/locate/bulsci
A note on separation of algebraic sets and the
Łojasiewicz exponent for polynomial mappings
Ewa Cygan
Institute of Mathematics, Jagiellonian University, Reymonta 4, 30-059 Krakow, Poland
Received 7 October 2004; accepted 8 October 2004
Available online 18 November 2004
Abstract
In the paper a global separation problem for affine algebraic sets is considered. As application an
upper bound for the distance of the graph of polynomial mapping to its zero set in the form of a
Łojasiewicz inequality is given.
 2004 Elsevier SAS. All rights reserved.
Résumé
On considère un problème de la séparation globale d’ensembles algébriques affines. Comme une
application on donne une estimation de la distance du graphe d’une application polynomiale à son
ensemble de zeros pour de polynomes de n variables complexes sous la forme d’une inégalité de
Łojasiewicz.
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In [3] an improvement of Kollar’s estimate of Łojasiewicz exponent at infinity for poly-
nomial mappings was presented under the assumption of finiteness of its zero fiber. One
of the main tools applied there was so called “separation at infinity” of algebraic sets. The
definition of separation at infinity proposed in that paper works really good only in the case
of isolated intersection of algebraic sets. So the natural problem is to investigate the general
case of intersection and to ask if in such a case we also can give some nice applications of
this notion.
To present the result of this paper let us consider algebraic subsets X, Y in a normed
complex space M . We know that for every point of the intersection of their projective
closures X and Y are locally p-separated for p = degX · degY (see [2]). In this paper we
prove the following global affine separation in the above situation:
Theorem 4.6. There is a constant c > 0 such that
(z,X)+ (z,Y ) c
(
(z,X ∩ Y)
1 + |z|2
)degX·degY
holds for all z ∈ M .
Looking for applications consider f1, . . . , fk ∈ C[z1, . . . , zn] and let di = degfi .
As a corollary we obtain the following result concerning a global Łojasiewicz inequality
(cf. [1,6]), (we use standard notation from [1] for the number B(n,d1, . . . , dn)). Remark
that in this paper we obtain this inequality without applying results from [7] as it was earlier
done.
Theorem 5.1. Let f1, . . . , fk ∈ C[z1, . . . , zn] and let di = degfi , d1  d1  · · · dk > 0.
Let Z ⊂ Cn be the common zero set of these polynomials. Then there is a constant C > 0
such that(
(z,Z)
1 + |z|2
)B(n,d1,...,dn)
 C · ∣∣f (z)∣∣
holds for all z ∈ Cn.
2. Local regular separation
For the convenience of the reader we first recall a basic notion from the local theory of
regular separation. We consider M , normed complex vector space and X, Y closed sets in
an open subset G of M . For p ∈ [1,+∞), we say that X and Y are p-separated a ∈ X ∩ Y
if there exist c, r > 0 such that
(z,X)+ (z,Y ) c(z,X ∩ Y)p
provided (z, a) = |z − a| < r , where | · | denotes the norm in M and (·,Z) the distance
function to the set Z ⊂ M .
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definition to the case of closed subsets of complex manifolds. Let us mention that in this
paper all manifolds are assumed to be second-countable.
Namely, we say that closed subsets X and Y of an m-dimensional complex manifold
M are p-separated at a ∈ X ∩ Y if for some (and hence for every) chart ϕ :Ω → G ⊂ Cm,
such that a ∈ Ω , the sets ϕ(X ∩Ω) and ϕ(Y ∩Ω), closed in G, are p-separated ϕ(a).
3. Index of contact
Now, let N be an n-dimensional complex manifold and let S be a closed s-dimensional
submanifold of N . For an arbitrary analytic cycle (not necessarily equidimensional)
A = ∑j∈J αjCj in N the part of A supported by S is defined to be equal AS =∑
j∈J,Cj⊂S αjCj .
Observe that every analytic cycle has the decomposition A = AS + (A − AS). If A is
positive, then the both parts of such a decomposition are positive too. For a ∈ N define the
multiplicity of the cycle A at a to be equal ν(A,a) =∑j∈J αj ν(Cj , a), where ν(Cj , a) is
the multiplicity of the analytic set Cj at a.
Let U be an open subset of N such that U ∩ S = ∅. Denote by H(U) the set of all
H := (H1,H2, . . . ,Hn−s), satisfying the following conditions:
(1) Hj is a smooth hypersurface of U containing U ∩ S for j = 1,2, . . . , n− s,
(2) ⋂n−sj=1 Tx(Hj ) = TxS for each x ∈ U ∩ S.
For a given analytic subset Z of N of pure dimension k we denote by H(U,Z) the set
of all H ∈H(U) such that ((U \ S)∩Z)∩H1 ∩ · · · ∩Hj is an analytic subset of U \ S of
pure dimension k − j (or empty) for j = 1, . . . , k.
For every H = (H1,H2, . . . ,Hn−s) ∈ H(U,Z) an analytic cycle Z · H in S ∩ U is
defined by the following algorithm (cf. [10], see also [2]), where in each step we have
only proper intersections, and so the intersection product is given by the classical theory
(cf. [5]).
Algorithm 3.1.
(Step 0). Let Z0 = Z ∩ U . Then Z0 = ZS0 + (Z0 − ZS0 ), where ZS0 is the part of Z0
supported by S ∩U .
(Step 1). Let Z1 = (Z0 −ZS0 ) ·H1. Then Z1 = ZS1 + (Z1 −ZS1 ), where ZS1 is the part
of Z1 supported by S ∩U .
(Step 2). Let Z2 = (Z1 −ZS1 ) ·H2. Then Z2 = ZS2 + (Z2 −ZS2 ), where ZS2 is the part
of Z2 supported by S ∩U .
· · ·
(Step n− s). Let Zn−s = (Zn−s−1 − ZSn−s−1) · Hn−s . Now we have decomposition
Zn−s = ZSn−s + (Zn−s −ZSn−s), and |Zn−s −ZSn−s | ∩ S = ∅.
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the above algorithm.
Definition 3.2 (see [2]). For a ∈ S we call
p(a) = p(Z,S)(a) := min{ν(Z ·H, a): H ∈H(U,Z), a ∈ U} ∈ N,
the index of contact of Z and the submanifold S at the point a.
The main result concerning the local separation is the following
Theorem 3.3 [2]. With the above notation, if a ∈ Z ∩ S then the sets Z and S are
p(Z,S)(a)-separated at a.
Let us consider N = Pn an n-dimensional projective space. Suppose that Z is an alge-
braic subset of N of pure dimension k. We have the following theorem.
Theorem 3.4 [3]. Assume that the system H = (H1,H2, . . . ,Hn−s) ∈ H(N,Z) contains
projective hyperplanes of N . Then deg(Z ·H) degZ.
Finally, let us consider algebraic subsets X, Y of pure dimensions of a complex space
M . Then we have the following
Theorem 3.5. If a ∈ X ∩ Y then X, Y are p-separated at a for p = (degX) · (degY).
Proof. Consider Z = X × Y an algebraic pure dimensional subset N = P(C × M2)
and S = ∆M a submanifold of N . Fix an arbitrary system of hypersurfaces H =
(H1, . . . ,Hn−s) ∈ H(N,Z). Thanks to Theorem 3.4 we get, for every point x ∈ Z ∩ S
the inequality: p(Z,∆M)(x)  degZ = (degX)(degY). According to Theorem 3.3 we
have that the sets Z and S are p-separated at every point of their intersection. In particular
that means that X×Y and ∆M are p-separated at the point (a, a) and Lemma 1.3 from [4]
ends the proof. 
4. Global separation of algebraic sets
We consider M , an m-dimensional normed complex vector space and X, Y two closed
subsets of the space M such that the intersection X ∩ Y is non-empty.
First we want to give some characterization of the behavior of these sets at infinity. In the
next considerations we always assume that the intersection of sets X and Y is non-empty.
Actually the situation of empty and bounded intersection is already described in [3].
Let ϕ(z) be a holomorphic function on M with the polynomial growth at infinity, i.e., for
which there exists an integer l such that the inequality |z|l  |ϕ(z)| holds for sufficiently
large |z|.
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weight ϕ and the exponent p if there exist c,R > 0 such that we have
(z,X)+ (z,Y ) c(z,X ∩ Y)
p
|ϕ(z)| (s)
provided |z| >R.
Observe that the above condition does not depend on the norm in M and that we have
the following obvious lemma.
Lemma 4.1. Let L :M → M ′ be a linear isomorphism. Then, closed subsets X and Y of
M satisfy the condition (s) with the weight ϕ and exponent p at infinity if and only if L(X)
and L(Y ) satisfy this condition with the weight ϕ and the exponent p in M ′.
The next two lemmata will be very useful for our future considerations.
Lemma 4.2. Closed non-empty subsets X and Y of M satisfy the condition (s) at infinity
with the weight ϕ and the exponent p if and only if there exist c, R > 0, such that for x ∈ X,
|x| >R, we have
(x,Y ) c(x,X ∩ Y)
p
|ϕ(x)| . (1)
Proof. Without lost of generality we can assume that 0 ∈ X ∩ Y . We must only show that
the above inequality implies that X and Y satisfy the condition (s) at infinity with the
suitable weight and exponent. Suppose that it is not the case, then there exists {zν} such
that |zν | → +∞ and
(zν,X)+ (zν,Y ) < 1
ν
(zν,X ∩ Y)p
|ϕ(zν)| . (3)
Let {xν}, {yν}, {wν} denote sequences of points in X, Y , X ∩ Y respectively such that
|zν − xν | = (zν,X), |zν − yν | = (zν,Y ) and |xν −wν | = (xν,X∩Y). By condition (3)
we obtain that |zν − xν | → 0 and so |xν | → +∞ and |ϕ(xν)|  2|ϕ(zν)| for sufficiently
large ν. Therefore
l := (zν,X)+ (zν,Y ) |xν − yν | (xν,Y ) c(xν,X ∩ Y)
p
|ϕ(x)| .
Then l  c |xν−wν |
p
|ϕ(xν)| . Moreover, l  (zν,X) = |zν − xν |  c
|zν−xν |p
|ϕ(z)| . Combining these
inequalities we deduce that
l  c
2|ϕ(zν)|
(|xν −wν |p + |zν − xν |p) c2|ϕ(zν)|
(|zν −wν |p)
 c
2p
(zν,X ∩ Y)p
|ϕ(zν)|
which contradicts (3). 
The following lemma allows us to reduce the computation of considered exponents to
the case when one of the subsets is smooth.
144 E. Cygan / Bull. Sci. math. 129 (2005) 139–147Lemma 4.3. Let M be a normed complex vector space and X, Y non-empty closed subsets
of the space M . Then the following conditions are equivalent:
(1) X and Y satisfy the condition (s) with the exponent p at infinity in M ,
(2) X × Y and ∆M satisfy the condition (s) with the exponent p at infinity in M2, where
∆M = {(x, x) ∈ M2: x ∈ M} is the diagonal in M2.
Proof. Take in the space M2 the norm defined by |(x, y)| = |x| + |y|. Observe that

(
(z, z),X × Y )= (z,X)+ (z,Y )
and |(z, z)| = 2|z| for z ∈ M . Now Lemma 4.2 completes the proof. 
Theorem 4.4. Suppose that for each point a ∈ (Z ∩ L) ∩ H∞ the sets Z and L are p-
separated at the point a. Then the sets Z and L satisfy the condition (s) with the weight
ϕ(z) = z2p−1 and the exponent p at infinity.
Proof. Without loss of generality we may assume that 0 ∈ Z ∩L, M = Cm, L = Ck × {0}
where k = dimL. By Lemma 4.2 it is enough to prove that there exist constants c > 0,
R > 1 such that (z,L) c (z,Z∩L)
p
|z|2p−1 for z ∈ Z, |z| >R. The fact 0 ∈ Z ∩L implies that
(z,Z ∩L)
|z|  1. (1)
Fix a ∈ Z ∩H∞ and consider two cases:
Case 1. If a /∈ L, observe that there exist a neighborhood U(a) of a and a constant
c(a) > 0 such that (z,L) c(a)|z| for z ∈ Z ∩ U(a). Because of (1) shrinking U(a) (if
necessary) we obtain (z,L) c(a)(z,Z∩L)p|z|2p−1 for z ∈ Z ∩U(a).
Case 2. If a = (a0 : a1 : · · · : am) ∈ L, we can assume that a1 = 0. Consider the classical
chart
Ω = {z¯ ∈ P(C × Cm): z1 = 0} 	 z¯ → ϕ(z¯) =
(
z0
z1
, . . . ,
zm
z1
)
= (t1, . . . , tm),
where z¯ = (z0 : z1 : · · · : zm).
In this case a ∈ Z ∩ L and so ϕ(Z ∩ Ω),ϕ(L ∩ Ω) are p-separated ϕ(a). Then there
exists a constant c(a) > 0 such that

(
ϕ(z¯), ϕ(L∩Ω)) c(a)(ϕ(z¯), ϕ(Z ∩L∩Ω))p
for ϕ(z¯) ∈ U(ϕ(a)) ∩ ϕ(Z ∩ Ω), where U(ϕ(a)) is a small enough neighborhood of the
point ϕ(a).
Let us take U(a) = ϕ−1(U(ϕ(a))) and denote by w¯ = (w0 : z1 : w2 : · · · : wn) a point in
U(a) such that (ϕ(z¯), ϕ(Z ∩ L ∩ Ω)) = (ϕ(w¯), ϕ(z¯)). Just as in the first case it is ob-
vious that if w¯ ∈ H∞ then (z,L) c(a)(z,Z∩L)p|z|2p−1 . So suppose that w¯ /∈ H∞, that means
( z1
w0
, w2
w0
, . . . , wn
w0
) ∈ L ∩ Z. From local separation at the point a we obtain the following
inequality:
|z|
(
(z,L)
|z|
)q
 c
(|w0 − 1| + · · · + |wn − zn|) (2)
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p
. We can assume that |w0 − 1| < 1 and 12 < |w0|. If not we have the same
estimation as in the first case. From inequality (2) we get
|z|
(
(z,L)
|z|
)q
 c
(
|w0 − 1| +
∣∣∣∣w1w0 − z1
∣∣∣∣+ · · · +
∣∣∣∣wnw0 − zn
∣∣∣∣− |w0 − 1||w0| |w|
)
and so l = |z|((z,L)|z| )q + |w0−1||w0| |w|  c(z,L ∩ Z). As w and z are in the neighborhood
of a, there exists a constant C > 0 such that |w| <C|z| so under our conditions we obtain
(|z|1−q +C|z|2−q)(z,L)q  c(a)(z,L∩Z) and finally (z,L) c(a)(z,L∩Z)p|z|2p−1 .
Since Z ∩ H∞ is compact, the above consideration implies that there exist points
a1, . . . , ar ∈ Z ∩ H∞ such that Z ∩ H∞ ⊂⋃ri=1 U(ai). Let us define U =⋃ri=1 U(ai).
Take c = mini=1,...,r c(ai). Since U is a neighborhood of Z ∩H∞, then there exists R > 1
such that Z ∩ {|z| >R} ⊂ U and the theorem follows. 
Observe that if the intersection Z ∩L is bounded the above theorem implies that Z and
L are q-separated at infinity with q = 1 − p in the sense considered in [3].
Corollary 4.5. Let X, Y be algebraic subsets of M such that for all points a ∈ X ∩ Y the
sets X and Y are locally p-separated at a. Then there is a constant c > 0 such that
(z,X)+ (z,Y ) c
(
(z,X ∩ Y)
1 + |z|2
)p
holds for all z ∈ M .
Proof. Take c,R from the above theorem and consider the points of M such that |z| R.
As in every point a ∈ X ∩ Y the sets X and Y are p-separated, so the required inequality
holds for some neighborhood U(a) of this kind of point with some constant c(a).
Look at a point a /∈ X ∩ Y . Suppose that there exists {zν} such that zν → a and
(zν,X) + (zν,Y ) < 1ν ( (zν ,X∩Y)1+|zν |2 )p . This implies a = limν→∞ zν ∈ X ∩ Y that contra-
dicts our choice of a and gives us a neighborhood of a with the same properties as in the
case of a ∈ X ∩ Y .
As the set W = {z ∈ M: |z|  R} is compact we can choose points a1, . . . , ar ∈ W
such that W ⊂⋃ri=1 U(ai). Take c = min{c(ai), c, where i = 1, . . . , r} and the assertion
follows. 
As the degrees of algebraic set and its projective closure coincide so combining now the
above corollary and Theorem 3.5 we obtain our main result.
Theorem 4.6. Let X, Y be algebraic pure dimensional subsets of complex space M . Then
there is a constant c > 0 such that
(z,X)+ (z,Y ) c
(
(z,X ∩ Y)
1 + |z|2
)degX·degY
holds for all z ∈ M .
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Consider a polynomial mapping f = (f1, . . . , fk) :Cn → Ck and let di = degfi , d1 
d2  · · ·  dk > 0. Denote by Z its zero set. Assume that Z = ∅ and recall the classical
notation:
B(d1, . . . , dk, n) =
{
d1 · · · · · dk−1 · dk if k  n,
d1 · · · · · dn−1 · dk if k > n.
A a simple consequence of the previous considerations we obtain the following
Theorem 5.1. For f as above there is a constant c > 0 such that
∣∣f (z)∣∣ c
(
(z,Z)
1 + |z|2
)B(d1,...,dk,n)
.
Proof. Taking X = graff ⊂ Cn×Ck and Y = Cn×{0} and applying Theorem 4.6. we get
that |f (z)|  c((z,Z)1+|z|2 )degf1···degfk (we have Bezout theorem to obtain first that degX 
degf1 · · ·degfk).
Without loss of generality (to simplify notation only) assume that 0 ∈ f−1(0).
By [9, Proposition 1.1] we know that one can construct a polynomial mapping g =
(g1, . . . , gn) :Cn → Cn such that |f (z)| |g(z)|, g−1(0) = f−1(0)∪{a1, . . . , al} for some
a1, . . . , al ∈ Cn \ f−1(0).
Denote α := B(d1, . . . , dk, n) for simplicity of notation.
From the first remark in our proof we know that ∀z ∈ Cn:
∣∣f (z)∣∣ ∣∣g(z)∣∣A
(
(z, g−1(0))
1 + |z|2
)α
.
We also know that (z, g−1(0)) = min{(z,f−1(0), |z − ai |, i = 1, . . . , l}.
Of course if (z,f−1(0)) = (z, g−1(0)) then we have our result ready. So suppose that
(z, g−1(0)) = |z − ai0 | for some i0.
As f (ai) = 0 we can choose R > 0 and m > 0 such that K(ai,R) ∩ K(aj ,R) = ∅ if
i = j and |f (z)|m if only z ∈ K :=⋃li=1 K(ai,R).
1. If z ∈ K we get |f (z)|m m·(z,f−1(0))1+|z|2 m
((z,g−1(0))
1+|z|2
)α
.
2. Define now C := R
max |ai | and consider the case when z /∈ K .
In such a situation we have:
C
(
z, f−1(0)
)
 C|z| C|z − ai | +C|ai | C|z − ai | + R|ai | |ai |
= C|z − ai | +R < (C + 1)|z − ai |,
so we get
C (z,f−1(0))
2 
|z − ai |
2C + 1 1 + |z| 1 + |z|
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∣∣f (z)∣∣A
( |z − ai0 |
1 + |z|2
)α
 B
(
C
C + 1
)α(
(z,f−1(0))
1 + |z|2
)α
and the proof is complete. 
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